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Abstract 

■ From the curved spacetime Lagrangian the first approximation scalar parti- 

cle quantum equation was obtained following the canonical formalism. The 
^ | roots of this equation in Schwarzschild's pseudo flat space were found. As 

it was shown in a more general curved spacetime it is tedious to find equa- 
tion's roots. The massless particle limiting case was considered. The Maxwell 
• ^ ■ set of equations generalized to Schwarzschild's space was reproduced. PACS 

>>! lOlllOEf 

£3.; 

I. INTRODUCTION 

> ■ 

{Sj ■ One of the widely accepted approaches to the quantum gravity subject are the quantum 

fields in curved spacetime. The subject of quantum fields in curved spacetime as an step 
toward the final quantum gravity theory was repeatedly covered in many papers and else- 
where [0]. The quantization of the gravitational field was considered in many attempts in 
the past few decades but a completely satisfactory quantum theory of gravity remains un- 
reachable. Besides the subject of quantum fields in curved spacetime one of these attempts 
is the the supergravity theory based on the supersymmetry [0 as the most accepted and 
significant ones. In the quantum fields in curved spacetime approach the gravitational field 
is considered as a background field while the matter fields are quantized in the usual way. 
This approach consists of the subject of the quantum field theory in a curved background by 
taking the general theory of relativity as a description of the gravity. The essential part of 
^ the quantum fields in curved spacetime approximation is the Minkowskian space quantum 

field theory ||. In the quantum fields in curved spacetime approach the Lagrange function 
of a quantum field in the curved spacetime was carried over from the corresponding function 
in Minkowskian space. The Lagrange functions of a quantum field was usually clasified 
according to the constitutive field transformation properties under the infinitesimal Lorentz 
transformations. From the Lagrangian densities of the scalar, spinor or the electromagnetic 
fields in the Minkowski space the corresponding action in curved spacetime was obtained. 
The quantum field equation was obtained by setting the variation of the action with respect 
to the corresponding field equal to zero. 

The curved spacetime Lagrangian with its quantum equations subject is opposed to the 
quantum fields in curved spacetime approach. On the contrary to the above concept in the 
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present issue the Lagrange function is completely different from the usual one. The Lagrange 
function is introduced as it is formulated classicaly instead of the quantum mechanicaly. 
Such function contains no usual fields or their first derivatives but on the contrast it has a 
geometrical structure. Moreover the function is not obtained from the corresponding func- 
tion in the Minkowski space but it is formulated from the beginning in a curved spacetime. 
The essential part in the present approach is the classical geometrical curved spacetime La- 
grange function. The quantization of the classical Lagrange function formulated in a curved 
spacetime proceeds through the canonical formalism. This procedure closely follows that 
one formulated in Minkowskian spacetime. In the continuation the procedure will be briefly 
outlined. The classical Lagrange function in the flat spacetime is 

L( X ,x) = f\(x,z) < Px. (1) 

The Lagrange equations of the motion are obtained by demanding that the corresponding 
action 5 J L(x, x)dt = is stationary 

d dL(x,x) dL(x,x) dL(x,x) 
dt dx dx dx 

The equations are expressed with the Hamilton function H(x,p) = px — L(x, x) 

= {H(x,p),x} = x, ~ dJ ^^ = {H(x,p),p} = p (3) 
through the Poisson brackets 

\ A B\ = ——-—— U) 

dx dp dp dx 

The corresponding quantum equation is obtained after the usual substitutions 

Historically first such example was obtained when Schrodinger wrote its famous equation 
= — by replacing the momentum p = mx with the quantum momentum operator 

2 

in the classical non relativistic Hamilton function H — According to the canonical 
formalism that function corresponds to the Lagrange function L = m ffi . 

Through the canonical procedure with the geometrical Lagrange function features char- 
acteristic of quantum mechanics can be derived. One of the most important characteristic is 
the quantum equation of the corresponding particle. The next geometrical quantity besides 
the Lagrange function is its Hamiltonian. The quantum equation is obtained by imposing a 
condition on this function. 

We see that the differencies between these two approaches are considerable. We should 
expect that the differencies are even more pronounced by considering the final results. How- 
ever that was not the case. In spite of such considerable initial differencies the final appear- 
ance of both approaches shows no significant discrepancies. It was shown by the results that 
the physical reality was quite similar in both cases. 
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Another quantization technique is the path integral quantization. Although it will not 
be considered here we note the fundamental role that the Lagrange function has in it. There 
by the action as the generating function of a canonical transformation the system variables 
are transformed from one time to another. Moreover the generating functional in which the 
most important part is the Lagrange function together with the arbitrary potential function 
(extended by the source therm containing the current) is used to calculate Green's functions. 

The particular curved space where the Lagrangian function was established is not yet se- 
lected. In Sec. 2. the canonical procedure with the Schwarzschild Lagrangian was presented. 
Here the Schwarzschild metric space was selected because of the one of its fundamental prop- 
erties. The fundamental property of such metric is the absence of the off diagonal elements 
got in the metric tensor g^. This metric corresponds to a pseudo flat curved spacetime. 
Moreover the Schwarzschild metric is one of the best investigated time independent, spher- 
ically symmetric solutions of the Einstein equations in an empty space ||. The canonical 
procedure with the Lagrangian function in this spacetime results in a scalar field quantum 
equation. By the above property of the metric tensor it was possible to find the roots of the 
general quadratic quantum equation for the scalar field. Furthermore the results of Section 
were extended to the more general metric. The flat space limiting case was discussed. At 
the end of Section the more general example with nonzero off diagonal metric tensor element 
was given. This is the Kerr metric example. In the most general case with the nonzero off 
diagonal elements it is tedious if at all possible analiticaly to find the roots as was shown in 
Sec. 3. Furthermore in that Section in the special case when the discriminant of the general 
equation is zero the solution with the vanishing off diagonal elements was obtained in agree- 
ment with the results in Sec. 2. In Sec. 4 the calculations in the massless particle limiting 
case will be done. Anlogously with Sec. 2. results the quadratic equation and its roots were 
found. Then it was shown that the calculation of the root equation leads us to the well 
known Maxwell set of equations generalized to the curved Schwarzschild space. In Sec. 5. 
some speculations about the generalized charge hypothesis will be presented. In accordance 
with the hypothesis the Schwarzschild radii of the particle will be estimated. 

II. CANONICAL PROCEDURE WITH THE SCHWARZSCHILD LAGRANGIAN 

Schwarzschild's empty space is defined by the expression 

ds 2 = e v(r) {cdtf - e A(r) (dr) 2 - r 2 [{dOf + sin 2 9(d(J)) 2 } (6) 

The unknown functions z/(r) and the A(r) are obtained from the empty space Einstein 
equation. According to this equation the condition is imposed on Ricci's tensor 

RaP = { 7 }|/9 ~ i 1 R >l7 + { L H 6 } ~ i 1 H 5 a } = (7) 

M cry IM ap J " dp J cry 07 ap J 

The solution of the equation reads 
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From the eq.(||) and the eq.@ the velocity square in the Schwarzschild space was obtained 

-)(r)*-r 2 [(^ + sin 2 0(</>) 2 ]. (10) 



s 2 



(1 _^ )(C ^_ ( _^_W.,, .,,1, 



The quantization was proceeded according to canonical formalism. First the Lagrange func- 
tion was found. It was guessed on the basis of the classical arguments that the Lagrange 
function is proportional to the velocity square in Schwarzschild's space 



L(x, x) 



M 



(11) 



By substituting from the eq.fllOD into the eq.(fTI|) Lagrange's function was obtained 



L(x, x) = f ((1 - ^)(ci) 2 - (y^W) 2 - r 2 [(0 2 + sin 2 9(<pf}). (12) 



In the Schwarzschild spacetime the four coordinate was consisted of its contravariant and 
covariant components. These components are not equal and were denoted as 



x a = (ct, r, 9, 4>),x a 



(ct\ 



\<f>J 



(13) 



The contravariant momentum components conjugated to the contravariant coordinate x^ 
were calculated by combining the expression (g) with the eq.(|T2"D 



P 



dL(x, x) 
d{ci) 



M , 2m, . 

-7T 1 )ct 

2 r 



(14) 



P 



dL(x, x) 
dr 



M 



2 v l 



2m . 



(15) 



9 dL(x.x) M 9 - 

V = — = r 9 

09 2 



(16) 



P 



dL(x, x) 
d<j) 



M 2 . 2 . 

r sin t 

2 



(17) 



These components together with the covariant momentum components in the Schwarzschild 
space read 



„ M 2m w 

p a = — 1 ct , 

2 r 



• 1 _2m )(r),-r 9,-r sin 00), p c 



(ci\ 
f 


\4>; 



(18) 



The contravariant momentum components were connected with the covariant components 
through the metric tensors 
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aj3 



V 



(19) 



-r 2 sin 2 6' / 



All together was collected 



H(x,p) = p a (i) Q — L(x, x) = L(x, x) 



(20) 



so the Hamilton and the Lagrange functions in the Shwarzschild spacetime are equal. Here 
the equations (p|),(|l2|),(|l3|) and fll8| ) were put together. The velocity components from 
(|l(|)were substituted by the corresponding momentum components from the equation (|18|) 
into the eq . (p0|) . The Hamilton function in Schwarzschild's spacetime reads 



2nt 



(P 



0\2 



-T^T^ 3 ) 2 ] = ^V//- (21) 
r A sin 6 M 



In the first approximation for a gravitational field the energy of a scalar particle has a 
constant value. This value does not depend on any of the four component coordinate value 
as it is for example the particle space position. In this approximation it is favourable to 
choose the constant value equal to the energy of the scalar particle H = Mc 2 . To the contrary 
if the coupling between a scalar or a spinor field and the gravitational field is not negligeable 
the particle energy generally depends on the coordinate x. In that case the function has 
been usually chosen as the Ricci scalar curvature R(x) and we have H = Mc 2 + £R(x). 

From now on we shall take the first approximation case. In that approximation the 
description of a scalar particle in the gravitational space proceeds by equating the energy of 
the particle to its Hamilton's function. From the eq.(PT|) the expression 
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1 



2m , 



r 2 sin 2 9 



(P 



3\2n 



Mc 2 



(22) 



as well as the energy expression were obtained 
1 E 2 



1_ 2m c 2 



i-— Kp 1 ) 2 + - 2 (p 2 ) 2 + ^ , ^ 

r r z r z sin V 



(p 3 ) 2 + M 2 c 2 . 



(23) 



By substituting p a — > ihd a for the four- momentum as in eq.(|5]) and denoting by ifj(x) the 
quantum wave function we have the quantum equation in Schwarzschild's space 



h 2 



d 2 



2 m 



f d(x°) 



'I - 



2m, d 2 



1 d 2 



d 2 



r d(r) 2 r 2 d(6) 2 r 2 sin 6 d(ip)'- 



]i){x) + M 2 c 2 tp(x) = 0. (24) 



After the Dirac matrices were introduced 



(/w 



(25) 
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the root of equation (p3|) reads 
1 E 



2m 11 loo 1 

1 cx p + -«V + — — 

r r r sin # 



a V + /3Mc. 



'l_ 2m C 

r 

The quantum root equation reads 

(iho a d a - Mc)ifj(x) = 

where it was designated 
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2m 7 7 d 



i 2m 



r r r sin ' 



(26) 



(27) 



(28) 



Far away from the Schwarzschild field we are in the r — > oo limit. In that limiting case 
the space should become a flat one. By taking that r — > oo in eq. (|24j ) and eq. (|2~7"D it was 
found 



ft 



2 a 2 d 2 



l <9(x ) 2 dr 2 



— )<j>(x) + M 2 c 2 0(x) = 



(29) 



(^7°<9 + ih^di - Mc)ip(x) = 



(30) 



respectively. The above expressions should be compared with the flat spacetime quantum 
equations. The flat spacetime is charactrized by the Minkowski metric tensor 



(\ 



9iiv = 9 



\ 



-I J 



(31) 



•2 -2 -2 

The squared four velocity is given by the expression s = ct —x 1 —x 2 —x 3 . The conjugated 
momentum components to the time and to the Cartesius coordinates are 



M 



M 



f = —ct,p l = x\i = 1,2,3. 

2 2 



The Hamilton's function equals to Mc 2 



1 



H(x,p) = —WY-p 1 } = Mc 2 
m 



(32) 



(33) 



and the special relativity energy expression is obtained. Finally the familiar equations 
emerge 



(hf&'da + M 2 c 2 )(P(x) = 



(34) 



{ihYdf, - Mc)ip(x) = 0. 



(35) 
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The equation ( ^9|) and the eq.(|30|) are the same as the eq.(|34]) and the eq.(|35D respectively 



in our case with two variables. In this case the equations have one space and one time 
component. It follows that the quantum equations have the correct behaviour in flat space 
limiting case. 

It was noted that the same letter M was used for the Schwarzschild Lagrangian mass 
parameter as for the energy parameter. Each of this two parameters enters the equation 
([Z7|), first one through the Lagrange function (|T^) and second one through total energy 
expression (0). Generally, these two parametars are not necessary equal. In such case if 
we denote the different values of the above parameters by M and M' the expression M in 
the eq.(p?j) should be replaced with the expression \/MM' so that this equation in the more 
general case reads 

(iho a d a - VMM'c)i(j(x) = 0. (36) 

In the Schwarzschild case the off diagonal components of the metric tensor were equal 
to zero. At the end of this section let us consider the quantum equation analogous to the 



eq. fl24|) but this time in Kerr's spacetime where by contrast the off diagonal components of 



the metric tensor do not vanish. 

^ 2 2mr d 2 ^ r 2 + a 2 cos 2 9 d 2 ^ 

r 2 + a 2 cos 2 9 d(x ) 2 r 2 + a 2 — 2mr d(x r ) 2 

,2 2\ 2 n ^ r/ 2 2\ • 2 n luird 2 SU1 4 9 , <9 2 

r 2 + a 2 ) cos 2 9— - + r 2 + a 2 ) sin 2 9 + - T — ^ + 

o(x z y t 1 + a 1 cos 9 d (x 3 ) 

2mra sin 2 9 d d , , , . , 9 , . . „ .„„. 

■}<f>(x) + M 2 c 2 <p(x) = 0. (37) 



r 2 + a 2 cos 2 9 d(x°) d(x 3 ) 



We see an extra term g Q3 breaking the metric tensor symmetry. In this case it is tedious to 
find the roots of the quantum equation. 



III. SCHWARZSCHILD'S LIMIT OF THE EQUATION IN THE GENERAL 

CURVED SPACETIME 



The Kerr metric is an example of a general curved spacetime. In a general curved 
spacetime the off diagonal elements of metric tensor do not vanish. In this Section the most 
general metric was used to form an equation analogous to the eq.(24). Such metric was given 
by the symmetric form g^ v = g VfM so the metric tensor has ten independent components. The 
metric tensor of the general curved spacetime reads 



9a/3 



( 9oo 9oi 902 go3 \ 

9ix 9i2 9x3 

922 923 

\ 933 J 



From eq.(pTD and the eq.(|38D the corresponding equation was written in the form 

£oo(p ) 2 + #oipV + WV + gospY + gxxip 1 ) 2 + gi2P 1 P 2 + gxspV + g2 2 (p 2 ) 2 + 

g23PV + g33(p 3 ) 2 -M 2 c 2 = o. 



(38) 



(39) 
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In order to find out a special form of the equation (|39"D the labels were introduced 

A = g 00 ,B = p 1 g 01 + p 2 g 02 + p 3 g 03 
C = ij> l ) 2 9ii + pVgn + pYgiz + {V 2 ?922 + P 2 P 3 923 + (P 3 ) 2 933 ~ M 2 c 2 

(40) 

so the equation was rewritten in the form of the quadratic algebaric equation. The variable 
is the energy 

A(p ) 2 + B(p°) + C = 0. (41) 
There were two solutions of the quadratic equation (41) 



(?0)1 , 2 = -B±VW^AC (42) 

The analytical solutions were depended on the discriminant of the equation (^5) 

B 2 - AAC = {p l ) 2 {g 2 m - 4#oo£ii) + pY {2g Q1 g Q2 - g 00 g 12 ) + 
+p l p 3 (2g 01 g 03 - Ag 00 g 13 ) + (p 2 ) 2 (g 2 Q2 ~ 4g m g 22 ) + 
P 2 p 3 (2g02903 - 4g m g 23 ) + (P 3 ) 2 (g 2 3 - 49oo933) + 4g 00 M 2 c 2 . (43) 

In the general case when the metric tensor off diagonal components are different from zero 
it is difficult or even impossible to calculate analitically the roots of expression (fEp- 

Let us now discuss the opposite it has been done in Sec. 2. If the off diagonal 

component s^oi of the metric tensor (|3^) vanish then the coefficients in the equation ( |40"|) 
become 

A = g 00 , B = 0,C= (p 1 ) 2 g 11 + {p 2 ) 2 g 22 + {p 3 ) 2 g 33 - M 2 c 2 . (44) 

Having substituted the eq.(|4])into the eq. (f42"D for this particular case the analytical solutions 
read 



(P°) h2 = ±J~j- (45) 



The eq. (f4"4j) and the eq.(H3) were combined together with the result 



^(P ) 1 ' 2 = ± v/M2 C 2 - g n (piy - g 22 (piy - g 33 (p3f. (46) 

The root has been found at the usual way and thus we arrive at the expression 

V9o^P° = ci x JgT x p x + a 2 JgT 2 p 2 + a 3 ^p 3 + (5Mc (47) 
which corresponds to the eq. (|26|) of Section2. By using the labels 

o a = h V9o^,YV9ll) (48) 



s 



the equivalent of the eq.(|27|)was recalculated. By comparison of the expressions (|28|) , (f48|) 
with the expression (|i"9"[) we conclude that the pseudo flat curved spacetime equation was 
obtained as the generalization of the Schwarzschild space equation (f2~7|). 

This Section was concluded by examination of the transformation properties of the so- 
lution ip(x) under the proper Lorentz transformations in Schwarzschild's space. This trans- 
formation was denoted 

x' a = Q%x p , d' a = Vipf 3 , 4j'{x') = S(Q)i/)(x). (49) 

The transformation property of the Schwarzschild operator ([Z8p was straightforwardly cal- 
culated by using the eq. (|49|) 

g^S'^Q^SiQ) = Sl a y. (50) 

The S(Q) matrix depends on the o commutator 

S(n)=e-^° a ^. (51) 

where it was supposed that Dirac's matrices satisfy the usual commutation relations. Then 
the o commutation relations read 

[oV] = [7VM0V] ^ [7°,7 2 ],[oV] ^ [ 7 °, 7 3 ]. (52) 



IV. THE MASSLESS PARTICLE LIMIT OF THE SCHWARZSCHILD 

QUANTUM EQUATIONS 

In the continuation a massless particle in the Schwarzschild spacetime was discussed. A 
massless particle follows the geodetic lines of curved spacetime. The arch length of such 
particle is equal to zero and consequently its Lagrange's function vanishes 

L(x,x) = 0. (53) 

The equations of motion should have the same form regardless of the particular reference 
system where there is an observer. So we were permitted to choose such reference system 
in which the zero component of the electromagnetic potential is equal to zero. By such 
choice the dynamic case was selected. Consequently there were no static electric fields in 
the observer frame of reference. Although the mathematical description was considerably 
simplified by such choice the physical reality remains untouched. Furthermore as it will be 
shown in the continuation this choice corresponds to the Coulomb gauge. Under the above 
assumptions the quadratic first approximation equation (^T|) was further simplified 



g a p P a ^A{x) = 0, A a = (0, A 1 ) = (0, A). (54) 

The solutions in the Schwarzschild empty space were considered. In that spacetime eq.(|5"4"D 
reads 

tfly^ip ) 2 ~ (1 - — W? - - 2 {P 2 ? ~ ^- ff (p 3 ) 2 Wx) = 0. (55) 
1 — — r r z r l sin 6 
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Let us introduce the four-momentum operator in Schwarzschild's spacetime 



,S '" ' L= P °Jl-±pL, ^P 2 ,—^ 3 ) = (-,P Si ). (56) 
i V Zm, r r sin ft r. 



2m 



The eg. (|56|) was substituted into the eq.(^). Now the Schwarzschild equation was resembled 
the flat space one 

P Sa P* A(x) = (57) 

or equivalently 

(^ - \P s \ 2 )A(x) = (58) 

where the identity flSED was used. This equation was corresponded in the massless case to 
the quadratic equation (0). In the continuation we proceed in the same way as in Sec. 2. 
First the roots of the quadratic equation were found. From the eq. (p7|) the first root of the 
eq.(|58"D was obtained 

P^A^x) = P^A a (x) = 0. (59) 

The first root equation was put in the more convenient form by calculating the bilinear 
expression 



I = P^A p P Sa A p = ^Ap(P Sa A p - P sp A a ) = ^(P^Ap - PlA a )P Sa A p (60) 



This expression was corresponded to the generalization of the square of the electromagnetic 
field tensor F^ u in Schwarzschild's space. By eliminating the vanishing components in the 
expression (|60"D the bilinear form was simplified 

P^A i P S0 A i + P^AjP Sl A j - PfA j P Sj A i = (61) 

where the latin indices run from 1=1,3. Here it is convenient to introduce the nabla operator 
generalized to Schwarzschild's curved spacetime 



V 5 = U l - —-, - — , — — ) = -- P s . (62) 
V 2m dr ' r 86 ' r sin 9 dcj) Ti 

The familiar vector potential equation was obtained straightforwardly 

\A\ = ±c\V s x A\ (63) 

having substituted the eq. (|62|) into the expression (|6T|). If the equations (|53"D , (|58|) and the 
eq. (|6~3"D are combined together we recognize the form (MKS) 

L(x, *) = = € j(\A\ 2 ~ c 2 \VS x A\ 2 ) (64) 
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as the Lagrange function of the massless field in Schwarzschild's curved spacetime. From 
the eq. ( fi% and the eq.(|54|) the second root of the eq.(|58|) was obtained 



p% A a {x) = P Sa A a (x) = -P s A(x) = 0. (65) 

By using the eq.(|5"2"D the eq.(^) was rewritten 

V s A(x) = (66) 

as the divergence of A. The zero divergence result is a consequence of our previous choice 
of the reference system when the zero component of the elecromagnetic potential is set 
equal to zero. As it was noted previously this choice corresponds to the Coulomb gauge in 
Schwarzschild's space. Furthermore the conjugated momentum components to the vector 
potential coordinates were calculated 

P a = e (0,A*). (67) 

By putting together the eq. (|64|)and the eq.(|67j) the Hamilton function was obtained 

H(x,p) = PA- L(x, x) = e |i| 2 - ||i| 2 + ^|V x A\ 2 ) = |(|A| 2 + c 2 |V x A\ 2 ) (68) 



From this equation together with the eq.(|6 

H = e \A\ 2 = ^ (69) 

the familiar relation between the Hamiltonian and the field momentum in the dynamic case 
was obtained. In this case only the radiation was considered. At this point let us look back at 
Sec. 2 basic assumptions. The fundamental quantity from which the Lagrange function of the 
particle was found is the particle four velocity. That quantity depends on the given curved 
spacetime and by knowing it we were able to obtain the scalar and the spinor quantum 
equations for that space. By further specialization to the massless case the Lagrangian and 
the Hamiltonian of the electromagnetic field in the given spacetime have been calculated. 

In the following the Maxwell set of equations in the Schwarzschild space will be obtained. 
This shows that the equations are directly connected with the curvature of the spacetime 
through a fundamental quantity. This is the given spacetime four velocity. The electric field 

E s = —A (70) 

and the magnetic field 

B s = V S xA (71) 

were written as historically defined. In our case the scalar potential is equal to zero. The 
energy of the radiation was obtained by combining the eq. (|69|) with the equation ( ff0|) 

E = ±c\P s \ = ±e c\E s \ (72) 
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The first two Maxwell equations were found by combining the eq. (j66|) with the eq.(|70|) and 
the eq.flTlD 



- % -P s E s = - % -P s B s = V S E S = V S B S = (73) 
n n 

where the relation — \P S = V* s i was taken into account. By acting with the V 5 x operator 
on the right side of the eq.(ffD|) the first from the other two Maxwell equations emerge 

- f dB s 

V s xE s = -V s x A = (74) 

dt v ' 

The Schwarzschild operators A 5 and O s as the obvious Laplacian and d'Alambertian oper- 
ators generalization were defined. Then we have the expression 

E s = -A = A S A = V S x (V s x A),n s A = 0. (75) 

From the eq.(]75]) and the eq.(I7TJ) the second from the last two Maxwell equations in 
Schwarzschild's spacetime was obtained 

dE s 

ys xB s = ( 76) 
at 
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